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What is tensor?

e Tensor is a type of data structure used in ML to represent various kinds of
objects including scalars, vectors, arrays, matrices and other tensors.

Introduction and e Higher-dimensional generalization of a matrix (multidimensional arrays.)
Motivation

e The order of a tensor is defined by the number of directions required to

Tensor Computation
(M-Product and describe it.
t-Product)

| 5 ] 4198

Image Applications (1 1 ) ﬂﬂ m
References I 16 3 5

Row Vector Column Vector

(shape 1x3) (shape 3x1) MATRIX
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Why Tensor

saclter Rstror sizerror

= Mathematical modeling of problems — solving multilinear systems.

= Standard matrix representation of data analysis is not enough to represent

Introduction and

Motivation all the information content of the higher dimensional fields.
Tensor Computation . . . .
e = Tensor (multiway arrays) is a natural representation for massive
-Product S 1 .
B multidimensional data.
Image Applications
Examples
References
m In a stadium: indexed by section, row, seat
m Finance data: indexed by institute, year, month, day
m Geographical data: longitude, latitude, temperature, pressure, rainfall, time.
m Data on health status: blood analysis, immune system status, genetic
background, nutrition, alcohol-tobacco-drug-consuption, operations.
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Tensor Representations

v= The higher order analogue of matrix rows and columns are called fibers.

15 A matrix column is a mode-1 fiber and a matrix row is a mode-2 fiber.

Introduction and

Motivation For a third order tensor: x;j

Tensor Computation m We have column (x.jt), row (x;;), and tube (x;;.) fibers.
(M-Product and

t-Product) m We have horizontal (x;..), vertical (x.;:) and frontal (x..;) slices

Image Applications
Second mode " p 3 »aos

Fibers:

References

First mode

Horizontal ¢
slices g Vertical Frontal
slices slices
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Example

saclter Rstror sizerror

w= Consider a 4th order tensor o7 € R2*2%2%3_ Now fixing the 4th index, we can

get three 2 x 2 x 2 tensors. The elements of .« , 2%, <73 are

Introduction and o, .
Motivation 1 Soarrnl a1 aziir 42211 4121 41221 42121 42221,
Tensor Computation .5272 : air1e a1z12 ai112 azz12 Ar122 41222 4azi2n Aznon,
(M-Product and

Ll '52{3 ©ai13 4213 azli3 413 41123 4123 Aaz123  a223,

Image Applications

w= A third-order tensor o7 € R2%2%2 Jooks like a cube of data, but the orientation

References

of third-order tensors is not unique, i.e,

(e)ij1 and (o)) ‘Or‘ (@)1,jand (o )2 ‘Or’ (@)1, and (o)
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Applications of Tensors in Various Domains

Hypergraphs A'Z'b - < T Eunu Software Libraries

Network Analysis --i E-- TensorFlow

Introduction and N \
~- PyTorch

Graph Theory --
- Image and Video Processing
i
.

~ E-- Image Compression
1

Motivation

Tensor Computation Blg Data % .
(M-Product and ‘l
t-Product) . ' !
Data Analysis s
,

/
M A Machine Learning --"

References -
,
Multilinear Algebra (X) ¢

Tensor Decompositions -
§

\
|
|
1
|
|
|
|
|
|
|
|
|
|
|
|
1
|

~-7

,/ "~-Video Encoding

" - § Geophysics

E-- Seismic Data

<. Magnetic Field Analysis

- @ Statistics

) '
Tensor Operations -~

Neuroscience @‘) -~

Neural Data Analysis --i E-- Statistical Models
Brain Imaging --' ‘- Probability Theory
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Example (Color Images)

=>

28 pixels (height)

28 pixels (width)

Color Image 3 channels

(RGB)

3 Colour Channels

Height: 4 Units.
(Pixels)

Width: 4 Units
(Pixels)

DA
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Example (Color Videos)

sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Example (Relational Data)

Relational data is a collection of relations among multiple objects

eee8.
B: 2
e mE
=& 3
SOlE

Relationship of pair =
Relationships of 3-tuple <=

’b: 2
e 1
=& 3
SUlE

user

fg%ﬁg@%&%

Matrix (2 dim array)
. Tensor
Tensor (3 dim array)

Tensor representation is generally high-dimensional and large-scale.

EX: 1000 users x 1000 items x 1000 times = total 10° relationship

AIM — To develop tensor based model for the applications

e Efficiency, scalability, productivity, and reliability
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Tensor Computations

sireelter frsirer 2izemra

= LetA € R™" and B € R"*P, then C = AB € R"™*P

k=n
cij= Y, aibyj, for1 <i<m,1<j<n,
k=1

Introduction and

Motivation
Tensor Computation

(M-Product and

t-Product) e Suppose &/ = (a;,__;,) € R"**/ p > 2 be the tensor of order p

Image Applications = Here, if p is even (odd), then 7 is an even (odd) order tensor.

References

o Let| o = (aijk) € R3X2X3, B = (bijk) € R¥*33

Theory/Computation/Application of Tensors

> Tensor Multiplication > Image Deblurring and Compression
> Tensor Decomposition > Face Recognition
> Tensor Inverse > High-Dimensional PDEs
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Progress of Tensor Products

m n-Mode Product (2000): By L. Lathauwer et. al.
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Progress of Tensor Products

m n-Mode Product (2000): By L. Lathauwer et. al.
m T-Product (2011): By Kilmer and Martin

Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References
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Progress of Tensor Products

m n-Mode Product (2000): By L. Lathauwer et. al.
m T-Product (2011): By Kilmer and Martin
Shao-Product (2013): By J. Shao et. al.

Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Progress of Tensor Products

m n-Mode Product (2000): By L. Lathauwer et. al.
m T-Product (2011): By Kilmer and Martin
m Shao-Product (2013): By J. Shao et. al.

m C-Product (2015) & M-product (2015): By Kernfeld et. al.
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

(=g

=

Progress of Tensor Products

n-Mode Product (2000): By L. Lathauwer et. al.
T-Product (2011): By Kilmer and Martin

Shao-Product (2013): By J. Shao et. al.

C-Product (2015) & M-product (2015): By Kernfeld et. al.

L. Lathauwer, B. Moor, J. Vandewalle A multilinear singular value decomposition.
SIAM J. Matrix Anal. Appl.21(2000), no.4, 1253-1278.

Shao, Jia-Yu. A general product of tensors with applications. Linear Algebra Appl.
2013;439(8):2350-2366.

Kilmer, Misha E., and Carla D. Martin. Factorization strategies for third-order
tensors. Linear Algebra Appl. 2011;435(3):641-658.

E. Kernfeld, M. Kilmer, S. Aeron. Tensor-tensor products with invertible linear
transforms. Linear Algebra Appl. 2015; 485:545-570.

T. G. Kolda and B. W. Bader. Tensor Decompositions and Applications. SIAM Rev.,
51(3):455-500, 2009.
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Tensor Multiplication

If A is an M x N matrix and B is an N x P matrix, then

sireelter frsirer 2izemra

N
Introduction and . i
AB=) aiby 1<i<M, 1<j<P, 1<k<N M
k=1
Tensor Computation
(M-Product and Tensor multiplication (Einstein product)
t-Product)
For o7 € Cli<xInxKix--xKy and g8 € CKi1>~xKn>xJ1xxJu  the Einstein product of
Image Applications

tensors ./ and % is defined by the operation *y via

References

(A *N By ..injy iyt = Z @iy ..igky o dopy Oy o depg g 2)
%

Ky ky

Example: o € R3x4x5x6 - g ¢ RIX6xTx8 then

5 6
A B=Y Y ajubumn, where o x, B € R*H7~8 3)
j=lk=1

w v A, Einstein The foundation of the general theory of relativity, Annals of Physics (1916).
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Definitions

Definition (Transpose)

The transpose of &/ € R"*/*/*/ is a tensor % which has entries
bij = arj. We denote the transpose of <7 as & = & T
Ifof € Rll x1Iy...xInyxJq ><...><JN7 then

(L)1 1yl dornfn = ()" ;, is the transpose of 7.

..... 12 nsi1 5825

Definition (Symmetric tensor)

A tensor o7 € RN XINxJixXIN g symmetric if o7/ = o/7, that is,

Qi ig,in 1 2 dn — F1yj2seeesinsd1 25 wosin *

1= M. Brazell, N. Li, C. Navasca, et al. Solving multilinear systems via tensor inversion.
SIAM J. Matrix Anal Appl. 2013;34(2):542-570.
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Example

saclter Rstror sizerror

> Let of € R2¥2%2%X2 with entries

Introduction and

Motivation

Tensor Computation d JZ{ ) — DQ{ — 52{ —
o NN on1,2 55201 55,2,2
(M-Product and 5 —1 7 -3 6 -2 8 —4

t-Product)

Image Applications

References Then # = o/T with entries

1 3 0 9 5 7 -1 -3
B..11= B..1p= B..o1 = B..02=
ST g TR T s 5| T T e g T T 2 4
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Definition

m— Definition (Identity tensor)

=k
. . . 9
Itroduction and The identity tensor .# is .7, i,j,j, = 0ij, 8iyjp, Where &y =
Motivation 0, l#k.
Tensor Computation
(M-Product and . . .
. It generalizes to an 2N'th order identity tensor,
Image Applications N
R (Airigecinisiz-in = | ] G- )
k=1
<
> Let & € R2X2%2X2 then
1 0 0 1 0 0 0 0
Sl = s Sl = Sonl = Fonn =
0 0 0 0 1 0 1
' Ratikanta Behera June 09-19, 2025 ion to Tensor C
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Definition

sireelter frsirer 2izemra

Definition (Diagonal tensor)

Introduction and

Motivation

o Actensor € R g called diagonal if djjy = 0 when i # k and
(M-Product and .
t-Product) .] 7é l

Image Applications

> Let & € R2X2%2X2 then

References

1 0 0 2 0 0 0 0
9:,:,l,] = sy 212 = 152,1 552,
0 0 0 0 30 0 0
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Tensor computations

sireelter frsirer 2izemra

Introduction and

:Mlm A Common Framework for Tensor Computations

e m Turn tensor <7 into a matrix A.

e A m Through matrix computations, discover things about A.

fReferences m Draw conclusions about tensor <7 based on what is learned about
matrix A.

' Ratikanta Behera June 09-19, 2025 ion to Tensor Ci

18/69



sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Tensor computations

Definition (Transformation)
Define the transformation f : Ty, 1, 7,1, (R) — My, , 1,1, (R) with f(/) = A is defined

component-wise as

s
(Divizinia = (A)fiy +(= D)l + -] ®

where T[lvlzjlalz (R) = {W € ?le Rty o de‘l(f(ﬂ)) 9& O} and A € M1112,1112 (R)
IN TN (R) and A € M’l AN TN (R), then

In general, for o7 € Ty,

f
(@ )iriz-cimivizeiv = Ay ool 1) ) 142N, Ge DI 1) ©®

Let f be the map defined in (5). Then the following properties hold:
(1) The map f is a bijection. Moreover, there exists a bijective inverse map
I My (R) = Try gy, (R).
(2) The map satisfies f (< *y B) =f () -f(9B), where - * refers to matrix

multiplication
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

ajjiy =

ajj13 =

Ajjp2 =

Tensor computations

aipi

aziin

aiz

azii3

arn2

az122

arnin
a1
apgi
axnii
aisii

a3in

aizii

an11

a3

anis

an22

a2

aini
az121
apnay
aay
a3l
a3

asii a2
, Aij12 =
a3l asi12
a3z apnzi
,dijpl =
as3i13 az121
ain arzs
s @3 =
a3 az123
aiz  ane  ans
a2 a2 @213
aplz a2 4213
apl2 a2 413
apziz d132  dizi3
a2 42322 d2313

aizi2
ani2

a2

a1

ain3

a3

a3
a123
a3
a3
a323

as33

aziz

a2

asi

az3n|

ai323

as323
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Drawback of the Einstein product

Definition (Transformation)
Define the transformation f : Ty, 1, 1, 1, (R) — My, 1, 1,1, (R) with f(7) = A is defined

component—wise as

f
(@ iviziriy = (A)fiy + (-l + o~ D] @

where <7 € TII N (R) and A € M1112,1112 (R)

m Using the above Definition the tensor .&7 € RI1*2xIx5 which can be extended only

to any square tensor, i.e., for o7 € RI X XInxIxIyxxIy

m But the extension of an arbitrary-order tensor is impossible, since f is not

homomorphism for even-order and/or arbitrary-order tensors.

m The Einstein product is not defined for the following two even-order tensors,
o € RIXNxJ2 and 8 € RN2N02 e of %) % is not defined.

1= R Behera, S Maji, and R. N. Mohapatra, Weighted Moore-Penrose inverses of
arbitrary-order tensors, Computational and Applied Mathematics, (2020), 39:284

' Ratikanta Behera

June 09-19, 2025 ion to Tensor C

21/69



Efficient Solution of the Poisson problem

saclter Rstror sizerror

> Consider d-dimensional Poisson equation

V4 = fin QcR?
Introduction and u = 0 on dQ,
Motivation
Tensor Computation The discretized d-dimensional Poisson equation can be written as follows:
(M-Product and
t-Product)

. d., d d
Ax = b, where the matrix A € R™*™  vectors x,b € R"™ *!
Image Applications

> The traditional matrix- and vector-based approach is impractical to solve

References

Example: Tensor representation of the 3D Poisson problem

Consider d = 3 and interior grid points n = 100 with Dirichlet boundary condition, then we
. . 65106 6 6
obtain matrix A € R1°*10° vectors x € R1°*1 and € RI°*1,

Ak X = <%7 o€ RIOOXIOOX100><100><100><100’ X e RIOOXIOOXIOO, and Z ¢ RIOOXIOOX]OO7

Ref: R. Behera, A. Nandi, J. Sahoo. Further results on the Drazin inverse of even-order tensors.
Numer Linear Algebra Appl. (2020) e2317. DOI: 10.1002/nla.2317
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

Poisson problem

Multilinear systems in Poisson problems

Consider the two-dimension Poisson problem on Q = {(x,y) : 0 < x,y < 1} with
boundary dQ. For a given function f(x,y) we have

%u  J%u .
_ﬁ — Tyz = f(.x,y) in Q
u = 0 on 0Q,

Using 5-point stencil central difference scheme on a discretizing the unit square

domain with » interior nodes, we obtain the following multilinear system
of %9 X =B, where of € RPN 2 c R™" and # € R™",
where the tensor .« is of the form & = .%,® £, + P, K 7, ®)

= Here ., is the second order identity tensor and &, is also a second order
tensor of the form, &, = tridiagonal(—1,2,—1).

' Ratikanta Behera
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Poisson problem

Introduction and

Motivation
Tensor Computation
(M-Product and
t-Product)
Image Applications
feferences Figure: 5-point Stencil and 7-point Stencil
By applying 7-point stencil formula for 3-dimensional Poisson equation with
same boundary conditions, we obtain the following tensor equation
ﬂ*3 %‘ . % % e Rnxnxnxnxnxn %‘ e Rnxnxn and (% e Rnxnxn
- b 9y b ’
where & = 2,® .9, I+ 9,8 P, Q I+ I, Q I, P, ©)
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Poisson problem

saclter Rstror sizerror

Extending, the same idea to 4-dimensional Poisson problem, we obtain the

following multilinear system

Introduction and
Motivation
8 times

Tensor Computation % Xn

nxXnxnxn nxXnxnxn
(M-Product and A kg X =B, o €R , X eR ,and Z € R ,
t-Product)
Image Applications

where the tensor ¢/ is the following form

References
A =PRI, I, Iy +9,0 P, .9, .9,
+ I, IR P, Iy + I, Iy + Iy QP

In the light of the above Egs (8), (9) and (10) one can generate the tensor .27 to

solve higher dimensional Poisson problem.
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saclter Rstror sizerror

Introduction and
Motivation Tensor Computation (M-Product and t-Product)

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product
Image Applications

References
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Unfolding of a 3rd order Tensor

> Let of € R3***2_ with entries (frontal slices)

1 4 7 10 13 16 19 22
Introduction and d(:,:, 1) =1{2 5 8 11}, M(:,:,z) =14 17 20 23
Motivation

36 9 12 15 18 21 24
Tensor Computation
(M-Product and
t-Product)
Image Applications
References
o F = = £ DA
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Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

M-Product

t-Product
Image Applications

References

Unfolding of a 3rd order Tensor

> Let of € R3***2_ with entries (frontal slices)

1 4 7 10 13 16 19 22
A =12 5 8 11|, 0,52 =14 17 20 23
3.6 9 12 15 18 21 24

m Mode-1 unfolding of .o is a matrix of order 3 x 8 and entries are given by

1 4 7 10 13 16 19 22
2 5 8 11 14 17 20 23
36 9 12 15 18 21 24

[} (=1 = =

Q>
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Unfolding of a 3rd order Tensor

> Let of € R3***2_ with entries (frontal slices)

I 4 7 10 13 16 19 22
Introduction and JZ{(:, 5 1) =[{2 5 8 11 s Jj(:, 5 2) =14 17 20 23
Motivation
36 9 12 15 18 21 24
(T;I“ ,‘Z'ﬂj\“’j‘“,,"‘ff - m Mode-1 unfolding of % is a matrix of order 3 x 8 and entries are given by
t-Product)
ol 7 10 13 16 19 22

Image Applications

1 4
2 5 8 11 14 17 20 23
36 9 12 15 18 21 24
®m Mode-2 unfolding of ./ is a matrix of order 2 X 6 and entries are given by

References

12 3 13 14 15
4 5 6 16 17 18
7 8 9 19 20 21
10 11 12 22 23 24
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Unfolding of a 3rd order Tensor

> Let of € R3***2_ with entries (frontal slices)

Introduction and

Motivation

Tensor Computation

1 7 10 13 16 19 22
R (1) = |2 8 11|, 4(,52)= |14 17 20 23
t-Product) 3 9

12 15 18 21 24
M-Product
t-Product
Image Applications

References

o> <3 = = 9Dac
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Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product

Image Applications

References

Unfolding of a 3rd order Tensor

> Let of € R3***2_ with entries (frontal slices)

1 4 7 10 13 16 19 22
()= 12 5 8 11|, (,52)= |14 17 20 23
36 9 12 15 18 21 24

m Mode-3 unfolding of 7 is a matrix of order 2 x 12 and entries are

given by

12 3 4 5 6 7 8 9 10 11 12
G713 14 15 16 17 18 19 20 21 22 23 24
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3-Mode Product

Let o € R™*"*P be a tensor and M € RP*P be a matrix. The 3-mode

sireelter frsirer 2izemra

Introduction and

Motivation . .
product of &7 with M is denoted by &7 x3 M € R"™*"*P and

Tensor Computation .

(M-Product and element-wise defined as

t-Product)

M-Produc p

T (o x3B)jjx = Zaijsbks i=1,2,....om,j=12,....n, k=1,2...p.

s=1

Image Applications )
References
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3-Mode Product

Let o € R™*"*P be a tensor and M € RP*P be a matrix. The 3-mode
product of &7 with M is denoted by &7 x3 M € R"™*"*P and

sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation

(M-Product and element-wise defined as
t-Product)

i Produe p

(@ x3B)ij =Y ayshrs i=12,....m,j=12,....n, k=12....p.
Image Applications s=1 J

References

Note: From here onwards we will assume M to be invertible.

15 Kolda, Tamara G., and Brett W. Bader. Tensor decompositions and
applications. SIAM review. 2009; 51(3):455-500.
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3-Mode Product

Let of € R2*2%2 with entries

Introduction and

Motivation

1 3 5 7 1 0
Tensor Computation ﬂ(:, 59 1) = 5 M(:, ) 2) = ; and M =
@it 2 4 6 8 0 2

t-Product)

M-Product

t-Product

Image Applications

References
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3-Mode Product

Let of € R2*2%2 with entries

Introduction and

Motivation

1 3 5 7] 10
o o (1) = l ] , A (:,:,2) = l , and M = [ 1

(M-Product and

t-Product)

M-Product

1 olf1 2 3 4] [1 2 3 4
Evaluate: MA 3y = = 0 1 14 16

Image Applications

References
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Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product

Image Applications

References

3-Mode Product

Let of € R2*2%2 with entries

ﬂ(:’:71) = [1 3] 3 %(1,2,2) = [5 ! , and M = [1 0‘|

0 2|5 6 7 8

1 olf1 2 3 4] [1 2 3 4
Evaluate: MA 3y =

“ 10 12 14 16

Now & = o x3 M € R**2%2 with entries

14
16|
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Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Produc

t-Produc

Image Applications

References

Face-wise Product

Tensor-Tensor Multiplication:

Definition

Let o/ € R™"*P and B € R"*¥*P be two tensors. The face-wise product
of <7 and 4 is denoted by o7 A% € R"™*¥*P and element-wise defined
as

(A NB)(:y:50) = (2,0 B(:y50), i=1,2...,p.

1 E. Kernfeld, M. Kilmer, S. Aeron. Tensor-tensor products with
invertible linear transforms. Linear Algebra Appl. 2015; 485:545-570.
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Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product
Image Applications

References

Face-wise Product

Example Let & € R**3*2 and % € R**2*2 with respective frontal

slices are

O Sy

—_— O =

oS O O
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Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product
Image Applications

References

Face-wise Product

Example Let & € R**3*2 and % € R**2*2 with respective frontal

slices are

| | 0 1

(1) = , B 1)=1(1 0
(51) [0 0 11 (1)

11

1 00 Lo

o a72 = 7% a72 =11 0

(5:2) L 0 O] (5:2) L

Thus we have (o AB)(:,:,1) = “ ﬂ and (Z ANB)(:,:,2) = t g]
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M-Product

sireelter frsirer 2izemra

Tensor-Tensor Multiplication:

Introduction and

Motivation

Tensor Computation

(M-Product and Let o7 € R™"™P and B € R"*K*P be two tensors and M € RP*P. The
t-Product)
M-product of o7 and 2 is denoted by o7 *j; Z € R™**P and defined as

M-Produc

t-Produc

o 5y B = (o x3 M)\(B x3M)] x3 M~

References

15 E. Kernfeld, M. Kilmer, S. Aeron. Tensor-tensor products with
invertible linear transforms. Linear Algebra Appl. 2015; 485:545-570.
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Algorithm for M-Product

sireelter frsirer 2izemra

Algorithm 1: M-Product of </ and #

Jeed sy Input o/ € R, of € RMPP and M € RPP.
2 Compute o7 = o/ X3 M, B =B x3M

Tensor Computation
(M-Product and

t-Product)
M-Produc

t-Produc
Image Applications

References
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Algorithm for M-Product

sireelter frsirer 2izemra

Algorithm 2: M-Product of </ and #

Jeed sy Input o/ € R, of € RMPP and M € RPP.
2 Compute o7 = o/ X3 M, B =B x3M

et 3 fori< 1topdo

NP 4 C(i) = (50 0) B, L0)

Tensor Computation

(M-Product and

t-Produc

5 end for
Image Applications
References
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34/69



Algorithm for M-Product

sireelter frsirer 2izemra

Algorithm 3: M-Product of </ and #

ped s Input of € R™P, of € RPMP and M € RPP.
2 Compute o7 = o/ X3 M, B =B x3M

et 3 fori< 1topdo

NP 4 C(i) = (50 0) B, L0)

t-Produc

Tensor Computation

(M-Product and

5 end for
6 Compute € =% x3M~!
7 return ¢ = o *y B

Image Applications

References
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Algorithm for M-Product

sireelter frsirer 2izemra

Algorithm 4: M-Product of </ and %

s Input of € R™UP, of € RSP and M € RV,
o 2 Compute of = o7 x3M, B =B x3M

o 3 fori ltopdo

i 4 C(:yni) = (5,0 B, 010)

t-Produc

5 end for
6 Compute € =% x3M~!
7 return ¢ = o *y B

Image Applications

References

Note: From here onwards, we will use the tilde notation with respect to
M (for example o7 = o7 x3 M).
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M-Product(Example)

1 0
LetM = 0 o , o, B € R¥*?*2 with entries

1 0 0 0 0 1 1 0
Introduction and o :7:’1 — , of :7:72 — 733 :7:71 = R B :7:72 =
Motivation ( ) 0 0 ( ) 1 1 ( ) 0 0 ( )

Tensor Computation
(M-Product and
t-Product)

M-Product

t-Product
Image Applications

References
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M-Product(Example)

1 0
LetM = [0 2:| , o, B € R¥*?*2 with entries

10 0 0 [0 1] (1 0]
Introduction and d :7:’1 — , d :7:72 — 7(@ :7:71 — , 33 :7:’2 —
o=y o] o=} Y amcan=[p | =)
Tensor Computation - -
(M-Product an > Find o = of x3M € R2*2%2 and B = 2 x3 M € R2*2*2 with entries
t-Product)
M-Product [ 1 B .
. 1 0 . 0 0 . 0 1 - 2 0
Product (1) = , 9 (:,2) = , B, 1) = , PB(:,,2) = .
- <>{OJ<>LZ}<>OO<> )
Image Applications - - - -
References
= F = = £E 9
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M-Product(Example)

1 0
LetM = [0 2:| , o, B € R¥*?*2 with entries

10 0 0 [0 1] (1 0]
Introduction and d :7:’1 — , Jf :7:72 — 7(@ :7:71 — , 33 :7:72 —
o=y o] o=} Y amcan=[p | =)
Tensor Computation - -
(M_Product and > Find o = of x3M € R2*2%2 and B = 2 x3 M € R2*2*2 with entries
t-Product)
M-Product [ b B .
- 1 0 - 0 0 . 0 1 . 2 0
Product (1) = , 9 (:,2) = , B, 1) = , PB(:,,2) = .
. <>{OJ<>LZ}<>OO<>02
Image Applications - - - -
References _— 0 1 S~ 0 0
ANPB)(:,:, 1) = (A NB)(:,:,2) = .
(7 AF)c1) {0 0} (T 2F)(:.2) [4 4}
CRIRE=) =) «=)» =
_. Ratikanta Behera June 09-19, 2025 ion to Tensor C
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M-Product(Example)

1 0
LetM = [0 2:| , o, B € R¥*?*2 with entries

1 0 0 0 [0 1] (1 o]
Introduction and {d R 1 — , (M ; :72 — 7(% :7 :7 1 — , 33 :7 :7 2 —
Motivation ( ) |:0 O:| ( ) |:l l} ( ) _O 0- ( ) -O |
Tensor Computation . - 2522 - 2D s )
(M_Product and >Find & =& x3M eR and B=PB x3M € R with entries
t-Product)
M-Product 7 r 7
. 1 0 . 0 0 - 0 1 - 2 0
Product (1) = , 9 (:,2) = , B, 1) = , PB(:,,2) = .
o 6D {0 1} (:2) [2 2} GaD=1y o ZED =1,
Image Applications - - - -
References - 0 1 e 0 0
ANPB)(:,:, 1) = (A NB)(:,:,2) = .
( )G, 1) {0 0} ( )(55,2) [ 4 4]

Thus of *yy B = (7 NB) x3 M~ is given by

of xp B2y, 1) = [3 (1)] and o xy B(:,:,2) = |:0 0:|
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sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Produc

t-Produc

Image Applications

References

Definition

Definition (Identity tensor)

Let of € R™"*P and M € RP*P. Then 7 is called an identity tensor if

4/ (:,:,i) is an identity matrix of order m x m, foreachi=1,2,...,p
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sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Produc

t-Produc

Image Applications

References

Definition

Definition (Identity tensor)

Let of € R™"*P and M € RP*P. Then 7 is called an identity tensor if

4/ (:,:,i) is an identity matrix of order m x m, foreachi=1,2,...,p

> Let o7 € R2*2%2 with entries

M(:’:71) = ) Q{
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Definition

sireelter frsirer 2izemra

Definition (Identity tensor)

Let of € R™"*P and M € RP*P. Then 7 is called an identity tensor if

4/ (:,:,i) is an identity matrix of order m x m, foreachi=1,2,...,p

Introduction and

Motivation

Tensor Computation

(M-Product and

t-Product) > Let o7 € R2*2%2 with entries

o 10 05 0 10
(1) = , A (:,0,2) = and M =

i Ao 0 0 0 0.5 0o 2

References

Now see the frontal slices of .7 = o7 x3 M that is
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Definition

sireelter frsirer 2izemra

efinition (Diagonal tensor)

Introduction and Let o/ € R™ P and M € RP*P. Then ¢/ is called diagonal if <7 (:, :, i)

Motivation

is diagonal, foreachi=1,2,...,p

Tensor Computation V.

(M-Product and

t-Product)
M-Produc

t-Produc

Image Applications

References
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Definition

sireelter frsirer 2izemra

Definition (Diagonal tensor)

Introduction and Let o/ € R™ P and M € RP*P. Then ¢/ is called diagonal if <7 (:, :, i)

Motivation

is diagonal, foreachi=1,2,...,p

Tensor Computation

(M-Product and

t-Product)

Definition (Conjugate Transpose)

M-Produc

CProduc Let o7 € R™*"*P and M € RP*P. The elements of .«7* is obtained as
Image Applications follows: Compute o = o X3 M

feterenes fori< 1topdo

E(:,10) = (A (:,5,0)*

end for

Compute o7 =€ x3 M~}
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saclter Rstror sizerror

Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Produc
Image Applications

References

Definition

Letc € R". If ¢ = [c1,c2,- -+ ,¢p)T, then the

Similarly, if Cy,...,C, are n| X ny real
circulant matrix is:

matrices, then

cl Cn ) C C, R )
(&) C1 3 C C C3
Circ(c) = Circ(Cy,...,Cp) =
Cn Cn—1 C]

Co Cpr - C

= Let of = (a,'lmip) € RM> > > ] be the tensor of order p
v For (i=1,...,np), let o € RM>*"-1 be the tensor of order (p —1).

1= Here .¢f; is created by holding the pth index of <7 fixed at i.
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saclter Rstror sizerror

Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Produc

Image Applications

References

Examples

s Consider a 4th order tensor 27 € R2*2*2%3_ Now fixing the 4th index of 7.
1= We can get three 2 X 2 x 2 tensors. The elements of .« , %, 73 are

1 oarnn Gl 1 d211 4l 41221 d2121 42221,
oh i oajnz a2 12 dni2 a2 41222 2122 42222,
o3 1oai3 a3 G113 213 41123 @1223 d2123 42223,

v A third-order tensor o7 € R?*2*2 Jooks like a cube of data.
1= But the orientation of third-order tensors is not unique.
= ie, | ()i and ()2 ‘Or’ ()1, and ()2 ‘Of‘ ()injand (&) |
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t-Product

m The unfold transforms an m X p X n tensor in to mn X p matrix

m fold(.) is the inverse operation, which takes an mn X p matrix and returns an

T m x p x n tensor. Thus, fold(unfold(<?)) = o

Motivation A A_h

|
t-Product) :

M-Product \ ‘

t-Product

Product of two tensors .7 € R™*P*" and & € RP*7*" is defined as
o x B = fold(Circ(unfold()) x unfold(#)), where o x B € R™*1*" J

Image Applications

References

& Example: Consider two tensors &7 € R™*P*3 and 2 € RP*7<3 then
Ay Az Ayl By
dxB=fold| |A, A, As| |By| | e RT3

As Ay Al |Bs
w= C. Martin, R. Shafer, and B. Larue. STAM J. Sci. Comput. (2913) 3%1) 474-490.
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&Y
TR N,
K 23
AW A7
S

Dy
smdta fRrster sizerrer

Introduction and

t-Product

w= Two fourth-order tensors &7 € RM*mXm3x3 gnd g ¢ RM*Ixmx3 then of « B

represent as follows

Motivation JZ{I 371 '5273 %

it Qi i unfold(</) = | oty | and Circ(unfold(f)) = | oty o, oA

(M-Product and

t-Product) % M:; szz m

M-Product

t-Product = =
Image Applications , , ’ f
References

" Al
o F = = £ DA
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41769



Example of product of two tensors

Let o7 € R3X3%X2X2 and BB c R3x3x2x2
Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

M-Product

t-Product
Image Applications

References

[m] = = =

to Tensor C

DA
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Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and

Motivation o «x B = fold !

o

Tensor Computation
(M-Product and
t-Product)

M-Product

t-Product
Image Applications

References

4372*35’1
o )

Example of product of two tensors

DA
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Let & € R¥*3*2x2 and 9 € R3*3*2*2 Then
Introduction and

Motivation dB = fold o oh N 3 — fold ot « B + <t « By
ofh @ ) o * By + A x B

Tensor Computation

(M-Product and

t-Product)

M-Product

t-Product
Image Applications

References

Example of product of two tensors

_. Ratikanta Behera June 09-19, 2025

to Tensor C

42769



Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and

I o o B ot « B + o« B
Motivation AxB = fold 1 2| |7 — fold 1% B+ o x Sy
Tensor Computation '% % %2 % * @l + m * %2
(M-Product and
t-Product) fold < [jl §12:| « |:§11:| )

M-Product _ fOld 12 11 12

Image Applications

References

o> <3 S = = ©ac
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Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and
i o o B ot « B + o« B

Motivation AxB = fold 1 2| |2 — fold 1% B+ *x P
Tensor Computation '52(2 % %2 % * @l + m * %2

(M-Product and

a9 B ot ot P

t-Product) fOld <|: 11 12:| % |: 11 ) +fold< 21 22:| « [ 21:|>

Merodue — fold G G| | P by | | P

CProduc Jold 1 | | P
e A oy 9hy P2
References

o = = = = QR
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Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and
i o o B ot « B + o« B
Motivation AxB = fold 1 2| |2 — fold 1% B+ *x P
Tensor Computation '52(2 % %2 % * @l + m * %2
(M-Product and
a9 B ot ot P
t-Product) f()ld 11 12 % 11 +fold 21 22 « 21
Merodue — fold G G| | P oy h| | P
Product ah 4 o A B
fold 21 22 . 11 +f0[d 11 12 « 21
e A oy 9hy P2 Ay @ B
References
o F = = £ DA
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Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and

Motivation

o x B

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product
Image Applications

References

p
I/
ol ( Lf
fold
fold
fold
fold
fold

e
J(f

[

|
(

EAR »@712} . {@11
S Pa
h . {@11
|92 9 12
(i1 % By + 2 + P
| D12 % Bi1 + 1+ Bra

ot * By + ) x By

o7 *%1+%*ﬂ2])

o

)

21

22

11
12

vWZZ:l « |:t%21:|>
a1 By
ﬂ12:| " |:<%Zl:|>
A1 By

_. Ratikanta Behera

June 09-19, 2025

ion to Tensor C

42769

Qe



Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and
i o, o B o *
R a—— sz = fod| [T PP Zpota [ | B+ x By
ot By oty x B + o x By

Tensor Computation

(M-Product and r [ 7
A fold an S| | P +fold oy dn| | P

M-Product _ fOld =£{12 'Q{l] L@IZ «52{22 '52{21 @22

CProdue fold dh . &z +fold A1 G . &z

e A i |92 9 12 Ay @ B

[ (o) * By, + oty + B oy * By + sty * B
Ref fold 1 * &1+ A2+ %1 +fold 21 % B + S x By

— fold | D12 % Bi1 + 1+ Bra G * By + ) * B
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Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and

Motivation

o x B

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Product
Image Applications

References

o
fold ( sz

fold

fold

fold

fold

i
(
fold (
o

=£712
1

MREIRE

EA »@712}*{@11>
A Pa
) *{3311 )
oy eh| | B
G * B+ G+ P
D x B+ D1+ Bro
{%21*@114-»@722*%’12

oy x B + 1+ By

22

+fold i
A

b
+fold
s (%

| x B + o x By
o x B+ x B

%z} . |:t%)21:|>

) P

le} . %Zl:|>
%)

A1

+fold o1 x B + G x By
oy * B + Gh * B

)
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Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and

Motivation

o x B

Tensor Computation
(M-Product and
t-Product)

M-Product

t-Product
Image Applications

References

o
fold ( |:£(2

fold

fold

fold

fold

i
(
fold (
o

MREIRE

A1 P . P
=£712 i P2
dh . &z
oy 9hy B2
1 * B+ S+ PBra

Dy * P11+ 1 * Bra
by * P11+ * Bra
oy x B + 1+ By

22

+fold i
A

b
+fold
s (%

A\ * By + b x Py
ot * By + ) x By

%z} . |:t%)21:|>

) P

le} . %Zl:|>
%)

A1

+fold o1 x B + G x By \
oy * B + Gh * B

A1 * By + o x B
+fold 11 % Ho1 + o *x By
o x By + ) * By y
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Example of product of two tensors

Let o € R3*3%2%2 and ZB € R3*3%2x2 Then

Introduction and
; o B N * B + o * B
Motivation of x P _ fold 1 2 % 1 :fold | * B + o x K
Tensor Computation sz M %2 % * %l + v‘jl * %2
(M-Product and
EAR:7 B o ot B
. fold 11 12|, |#n +fold 21 2| |#n
e — ol P ICATY I P by eh| | PBn
oty B oy A P,
Prod fold 21 2| | %1 +fold 11 12| |#2
Image Applications |92 9 12 Ay @ B
ra— (i1 % By + iy + B oty + By + sty % B \
Ref fold 1 * &1+ A2+ %1 +fold 21 % B + S x By
— fold D x B+ D1+ Bro Gy x B + 1 * B
b * By + by x B | * By + Ay x B
Jold 21 % B11 + A x Bro +fold 11 % Ho1 + o *x By
othy * B11 + o) * Bra ok By + 1 * By y
= The tensor-product of .27 and 4 eventually reduces to 3 x 3 matrix multiplication.
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Computations using Fourier Domain

= Example: Consider two tensors &7 € RP*?%3 and 2 € R9*"*3 then
Al A3 Ay B

Inzoduction and AdxB=1old| |Ay A As| |B» c Rpxmx3
Motivation A3 A2 Al 33

Tensor Computation

(LR tucad > Block circulant matrices can be diagonalized with the help of a normalized DFT matrix.
t-Product)
M-Product Dl
t-Product Dz
Image Applications (Fp@I)bcire()(F,1,) = ) = fft(«,[],3),
References '
Dy
1 1 1 1
1 w w? .. w1 .
1 2im
Fop=— e C™" w=exp _ar
Vi | : : - : n
1w 2= o m=1)(n-1)

5 = =
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Computations using Fourier Domain

Let o7 € RV Mp we can write

Introduction and
Motivation
L

Tensor Computation 22

(M-Product and (F @F ®...F,. ®I )~bcirc(%) . (F* OF ®...F oI ) _
t-Product) p np1 & ing n np 1< g n)=—

M-Product

t-Product Zp
Image Applications
RO v Which is a block diagonal matrix with p blocks, where p = n3ng -+ n,.

1= Computation of tensors via the Fourier domain is obtained by systematically
reorganizing the tensor into a matrix.

1= The matrix computation results will be utilized for tensor computation.

[m] = = =
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sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Product

t-Produc

Image Applications

References

1

2

6

7

8

Algorithm for t-Product

Algorithm 5: Product of two tensors with t-Product

Input o/ € R™"<P 2 ¢ R™kxp
Compute </ = fft(«7,[],3);
Compute Z = fft(4,[],3);

for i< 1topdo

z(,:,

end for

i) =

LD B, 0)

Compute ¢ = ifft(%,[],3);

return ¢
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sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation
(M-Product and

t-Product)
M-Produc

t-Produc

Image Applications

References

Identity tensor

Identity tensor

The n X n x n3 x - - X n, order-p(p > 3) identity tensor / is the tensor such that
Iy isthe n xnxn3 x -+ xn,_; order-(p — 1) identity tensor and /;,j = 2,3,---n,

isthe nx nxn3 x --- xn,_ order-(p — 1) zero tensor.

m The 4 x 4 x 3 x 2 identity tensor .# has the following form

S

f()ld ﬁ]z

7 = fold ( [']1} > = fold 713
0, Oy

f()ld ﬁzz

O3

m Here ./ is the 4 x 4 identity matrix and Jj; is a tensor all of whose

components are zero.
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Transpose of a tensor

T e

sl Rrsner sizenst
Tntroduction and If o/ € RM>MXX7p then the transpose of .27, which is denoted by /7, is the
Motivation . .

ny X ny X n3 X --- X ny, tensor obtained by tensor transposing each o7 , for

Tensor C: tat . .
PO i=1,2,---,np and then reversing the order of the ¢/ from 2 through n,,,
t-Product)

M-Product i T ]

Prod %

Ay,

Image Applications

AT =fold | |,

References
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Example of a transpose

saclter Rstror sizerror

m Let .o be a4 x4 x 3 x 3 tensor. Then

Introduction and _.QfT_
Motivation 11
, fold | |

Tensor Computation

(M-Product and %T

t-Product) T - li.
-Produc s 5
AT =fold | |/ | | =fold | |fold | | o7
Image Applications %T %’12‘

References -%71‘-
ld | | ok
0 23
T

L \[72]/]

m The transpose of the order-4 tensor 2 eventually reduces to some 4 x 4

matrix transpose.
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sireelter frsirer 2izemra

Introduction and
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f-diagonal tensor

Let & = (a;,...;,)) € R"*"* " Then,  is called an f-diagonal tensor if
@ijy-j, =0 when i1 # ip. Further, {g;

} are called the t-diagonal

1ia-ipir=ia

entries of 7.

1= Here f-diagonal — if each frontal slice is diagonal.
v= Let .o/ be a 3 x 4 x 2 tensor. Then

Image Applications
En 0 0 0
References 0 oy 0 0
] 0 0 k% 0
o =fold | || | =sold | fold 33
2] 1 0 0 0
0 oty 0 0
0 0 o3 0
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Tensor Decomposition

Theorem (Tensor Singular Value Decomposition)

Let .o/ be an n; X ny X n3 real-valued tensor. Then o7 can be factored as o/ = % x D x ¥'T

where %, are orthogonal n) X n; x n3 and n, X ny X n3, respectively, and Z is a

ny X ny X n3 f-diagonal tensor (each frontal slice is diagonal).

El

‘ / n‘

Suppose .7 is an ny X ny X n3 and Fy, is the
n3 X n3 DFT matrix. Then Tcirc(2/) block

m n

1 1 1
circulant matrix, which can be block -t w w31
. . . . . _ xn
diagonalized, i.e., there exist matrices 'y = NG e
X, , 2y Wh ize i X ibl ) )
1, , %, whose size is nj X np, possibly L oW e
with complex entries.
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=

=

=

Tensor Singular Value Decomposition

(Fn3 ®1n, ) Tcire() - (F;3 ®In2) = diag(Xy,Xp,- 7Zn3)

Next, we compute the SVD of each X;. Let X; = U;-D; - V[T, fori=1,--n3

z Uy Dy vE

Ly Un, Dy, v
Apply (Fy,, ®1Iy,) to the left and (F,,; ® I, ) to the right to the right of each of the

block diagonal matrices.

We now have three block circulant matrices whose first block columns are
unfold(% ), unfold(2), and unfold(#T).

The Moore-Penrose inverse of a tensor &7 € R"1*"2%"*"p exists and is unique.

Ref R. Behera, J. Sahoo, R. Mohapatra, M. Nashid. Computation of Generalized Inverses of Tensors

via t-Product. Numer Linear Algebra Appl. 2021 DOI: 10.1002/nla.2416.
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Color image deblurring

> Consider 2 € R"™"*3 is a blurred image, often corrupt with noise.
AIM: To establish a blurred free image.

> We write the image blurring problem
A x X =B,

where o7 € R"*"*3 is a blurring tensor.
> Need to construct the blurring tensor.
> Need to compute 2" = .o/t x %

Figure: Reconstruction image
Ref R. Behera, J. Sahoo, R. Mohapatra, M. Nashid. Computation of Generalized Inverses of Tensors
via t-Product. Numer Linear Algebra Appl. 2021 DOI: 10.1002/nla.2416.

= = =

o = ©ac
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Color image deblurring

= The color image blurring problem o7 « 2~ = A, with size n X n x 3

vee(X(1)) vec(B(}))
(Af @Al ®A") vee(Xp) | = | vee(Bpy) | - (10)
VGC(X(})) vec(B(3>)

Here the operation vec take an n x n matrix and return a n> x 1 vector by stacking the
columns of the matrix from left to right.

m A" € R™" is the horizontal within-channel blurring matrices.

m AY € R is the vertical within-channel blurring matrices.

m A€ is the cross-channel blurring matrix of size 3 x 3 as follows:

ct €3 O 3
A=|c ¢ 3| with Yei=1and c;eR for i=1,2,3.

i=1
a2
Ref R. Behera, J. Sahoo, R. Mohapatra, M. Nashid. Computation of Generalized Inverses of Tensors
via t-Product. Numer Linear Algebra Appl. 2021 DOI: 10.1002/nla.2416.
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Color image deblurring

Following the circulant structure of the cross-channel blurring matrix, we can write

Introduction and g x X *xC =2, (11
e m (k) = AV, for k= 1,2,3 with €(:,:, 1) = (A")T and €(:,:,j) = 0, for j = 2,3
(T:[n T:'OZ::I::: o We construct the blurring tensor .27 using the following symmetric banded Toeplitz matrix:
t-Product) l ) O;]%E ' .

Tmage Applications A= A,}'} _ ) e li—jl<k

References 0, otherwise

Figure: (a) True image (left), (b) Blurred noisy image (middle), (c) Reconstruction image (right).

o F = = £E 9
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Image compression using SVD

> Since singular values are arranged in decreasing order and thus last terms of singular

values have the least effect on the image.

> Consider a positive number k such that k < r = tubal rank = #{i, 2(i,i,:) # 0}

Introduction and

Motivation k e

o= YU (i) Diiy:) =V (zi,0)T ]
Tensor Computation i=1 ,E !
(M-Product and relative error = H 'dkHF émz
t-Product) H HF g‘m’
Image Applications where HAHF = Z Z Z ‘auk| %105
R ij=lj=lk= £ Nimborof Sigula Values sed

(@) (b) © (@) (O]
Figure: (a) True image; Reconstructions (b) 05 SVs; (c) 15 SVs (d) 25 SVs (e) 50 SVs.
Ref R. Behera, S. Maji, and R. Mohapatra. Comp. Appl,_ Mathﬁ39, 284, (2020). _ e
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Hiding secret color images (video)

> Steganography is the technique of hiding data within an ordinary

file to avoid detection and then extracting it at its destination.

Introduction and

> 7 captures the magnitude/intensity information, the diagonal

Motivation

elements represent the strength or importance of each component
Tensor Computation . . . . . . .
(M-Product and > 2 captures the directional/orientation information of the image.

t-Product)
Image Applications

References

(@ (®)

Figure: (a) Cover image, (b) Input secrr%t image
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Tensor-besed steganography for data hiding

{Secrete Image

(video) Cover Image
7

Je

(video)} {

Secret Image (video)
Is = DHex

t-OR Factorization
(2. %) = 1-2%(.)
(2, %] = t-2%( %)

Embedding Process
Rem = K + 00 Ks

Stego Image (video)
Isi = D * Rem

Extraction Process
Hex

t-2% Factorization
[2si, RBsi] = 1-2%(I51)

Stego Image (video)
si

4{Communicated Image (video)
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Secret color images analysis
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Stego image and output Secret image Stego image and output secret image

[m] = = =
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Secret color video analysis

Fﬁ@ﬁ@&&ﬁ ;
CheaBw!

Input secret video with 20 frames

¢

Introduction and

/A
A
A

Motivation

Tensor Computation

(M-Product and

t-Product)

Image Applications

i\ A

References

(N

4

v

\

7

E | - ‘
H‘ ; g 5 “ = !

Output secret video with 20 frames,, .
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Measuring

image quality

> Measuring quality assessment: peak signal-to-noise ratio (PSNR)

and structural similarity index (SSIM) technique.

> We define the single PSNR of the color image and color video as:

2
max
10 x logyg (MSE

max
10 x log; <

MSE

) for color image of size m x n x 3.

) for video of size m x n x 3 X p.

Here max represents the highest scale value of the 8-bits grayscale,

i.e., max = 255.

1= R. Behera, J. K. Sahoo, and Y. Wei. Numer. Linear Algebra Appl. 32 (1)(2025).
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Measuring image quality

saclter Rstror sizerror

> MSE represents the mean square error of the tensor slices.

Introduction and

Motivation l m n 2
3mn (Z Z Y [o@{ik)(i,j) —ﬂf(k)(l'7j)] ) for color image.

Tensor Computation 3mn Sas
(M-Product and
t-Product) MSE =
Image Applications 1 m n 14 2
_ Z Z Z Z [Q’iiﬁl)(/,k) - ﬂf(i’l)(j,k)} for color video.
References 3mnp Saaa

> 2 (i,j) and /4 (i,j) are the pixel values of the input and output
images at the i,j coordinates of kth frontal slice.
> 21 (i,j) and o ;) (i, j) are the pixel values of the input color video

and output color video at the (i,/) coordinates on k™ slice of /™ frame.
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Introduction and

Motivation

Measuring image quality

> We define structural similarity index measure (SSIM), following three

main factors (luminance, contrast, and structure):

Tensor Computation SSIM (‘Qf’ ’Q{) = l(g’ ’Q{) ¢ (‘QF7 ’Qf) s (g> 'Q{) ) (]2)
(M-Product and
t-Product)
2F oy Fy+Cl 2959+ C2 Gy +C3
Image Applications [ Qp,ﬂ — * , c g’% — C , s ;@P7’d — L .
s ( ! Fr+Fy+C2 ( ) G5 +95,+C2 ( ) GyYy +C3
m n 3 ..
HEDY DY
=1 5= 2= ( ) for color image.
Fz = Jmn
12] PES IZ/ T ( J) for color video.
3mnp
D) X (20 ) — Fu ) .
for color image.
gZZ = i 3mn ( ( -7 )
lzk 12[ ! 7 for color video.
3mnp
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G7a

P

G

—_——— —— ——/—

Measuring image quality

L i (2 (6)) = F o) (Ao (i) — Fr)

3m
A2y a0 22:1 Y (%n (i) = F ) (A i) — For)

for color image

for color video.

"nl 7122 142%(1( (7])

3mnp

Z, 12’/211211 (7])

for color image.

for color video.

1]12k1( ()JM)

3mnp

i Z]r":l ):1%:1 ):Ll (ﬂ(k-l) (i) - yﬂ)z

for color image.
3mn

for color video.

D) ya V(A () = For) (21 (i) — F )

3mnp

Y Yy (A (6d) = For ) (L) (i) — F )

for color image.
3mn

for color video.

3mnp
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PSNR and SSIM Results

60 1.1
SIS
Introduction and T T
o -
Motivation f =
©w =2}
& 3
Tensor Computation 0.6
(M-Product and —— Input and output secret image (PSNR) 0.5 {——Tnput and output secret image (SSIM
t-Product) o —— Cover and stego image (PSNR) o —o— Cover and stego image (SSIM)
005 01 015 02 025 03 ’ 005 01 015 02 025 03
Image Applications 40 o 4 o
References 35 |
]
30
T oo
= =
B 25 =
Z 0.8
2 5 0
20
15 0.7
——Tnput and output secret image (PSNR) ——TInput and output secret image (SSIV
—o— Cover and stego image (PSNR) ——Cover and stego image (SSIM)
10 0.6
005 01 015 02 025 03 005 01 015 02 025 03
a— a

The PSNR results for different values of a. The SSIM results for different values of a.

' Ratikanta Behera June 09-19, 2025 ion to Tensor C i

65/69



Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

References

Dac

_. Ratikanta Behera June 09-19, 2025 ion to Tensor C i

66 /69



Introduction and

Motivation

Tensor Computation
(M-Product and
t-Product)

Image Applications

References

M

2

(5)

(6)

(7

®)

©)

References

R. Behera, J. Sahoo, and Y. Wei. Computation of outer inverse of tensors based on #-product.
Numerical Linear Algebra with Applications. Accepted (2024).

J. K. Sahoo, S. K. Panda, R. Behera, P. Stanimirovic. Computations of Tensors Generalized
Inverses under M-Product and Applications. Journal of Mathematical Analysis and Applications.
542, (2025), 128864.

R. Behera, J. Sahoo, R. Mohapatra, and M. Nashed. Computation of Generalized Inverses of
Tensors via t-Product. Numerical Linear Algebra with Applications (2021); 27:e2317.

R. Behera, A. Nandi, and J. Sahoo, Further results on the Drazin inverse of even-order tensors.
Numerical Linear Algebra with Applications (2020); 27(5):e2317.

R. Behera, S. Maji, R. Mohapatra. Weighted Moore-Penrose inverses of arbitrary-order tensors.
Computational and Applied Mathematics, (2020), 39:284

R. Behera and J. Sahoo, Generalized Inverses of Boolean Tensors via Einstein Product, Linear
and Multilinear Algebra (2020).

R. Behera, and D. Mishra, Further results on generalized inverses of tensors via Einstein product,
Linear and Multilinear Algebra, (2017), 65(8) 1662-1682.

R. Behera, G. Maharana, and J. K. Sahoo. Further results on weighted core-EP inverse of
matrices. Results in Mathematics, 75, 174 (2020). IF: 1.049

K. Panigrahy, R. Behera, and D. Mishra, Reverse order law for the Moore-Penrose inverses of
tensors, Linear and Multilinear Algebra, 68(2), 2020, 246-264.

' Ratikanta Behera

June 09-19, 2025 ion to Tensor C

67/69



References
T. G. Kolda and B. W. Bader. Tensor Decompositions and Applications. STAM Rev.,
51(3):455-500, 2009.
IR e S.Ragnarsson and C. F. Van Loan. Block Tensor Unfoldings. STAM J. Matrix Anal. Appl.,
Motivation 33(1):149-169, 2012.
Tensor Computation e T.G. Kolda. Orthogonal Tensor Decompositions. SIAM J. Matrix Anal Appl., 23(1):243-255,
(M-Product and 2001.
t-Product)
L]
Image Applications SIAM J Sci Comput. 2013;35(1): A474-90.
References °
L]

C. D. Martin, R. Shafer, B. Larue. An order-p tensor factorization with applications in imaging
Matrix Anal Appl. 2013;34(2):542-570.

learning. IEEE Access, 7, 162950-162990, 2019

M. Brazell, N. Li, C. Navasca, et al. Solving multilinear systems via tensor inversion. SIAM J
(2021)

Ji, Y., Wang, Q., Li, X., & Liu, J. A survey on tensor techniques and applications in machine
' Ratikanta Behera

K. Aditya, H. Kolla, W. P. Kegelmeyer, T. Shead, J. Ling, and W. L. Davis. Anomaly detection in
scientific data using joint statistical moments. J. Comput. Phys. 387 (2019): 522-538.

Liu, Y. (Ed.). Tensors for Data Processing: Theory, Methods, and Applications. Academic Press.

Liu Y, Liu J, Long Z, Zhu C. Tensor Computation for Data Analysis. Springer; 2022.
[m] =5 = =
June 09-19, 2025

to Tensor C

68/69



sireelter frsirer 2izemra

Introduction and

Motivation

Tensor Computation ' ' '
t-Product)

Image Applications

References

' Ratikanta Behera June 09-19, 2025 ion to Tensor C

69 /69



	Introduction and Motivation
	Tensor Computation (M-Product and t-Product)
	M-Product
	t-Product

	Image Applications
	References

